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Abstract 

We study quantum deformations of Poisson orbivarieties. Given a Poisson manifold (R m ,a) we 
consider the Poisson orbivariety (R m ) n /5 n . The Kontsevich star product on functions on (R m ) n 
induces a star product on functions on (R m ) n /S n . We provide explicit formulae for the case f) x f)/W, 
where f) is the Cartan subalgebra of a classical Lie algebra g and W is the Weyl group of f). We 
approach our problem from a fairly general point of view, introducing Polya functors for categories 
over non-symmetric Hopf operads. 

1 Introduction 

Let k be a field of characteristic 0, M be a set and G be a subgroup of the permutation group on n-letters 
S n . A function / : M n —* k is said to be G-symmetric if f(x a m , £ CT (2) , %a(n)) = f(xi,X2, • x n ) for all 
a E G C S n and all Xi, x n 6 M . The fc-space of G-symmetric functions Func(M n , k) is a subalgebra 
of the fc-algebra Func(M ra ,A:) of all functions from M n to k. One of the goals of this paper is to find 
explicit formulae for a product on the algebra Func(M™,fc) G in a variety of contexts. Our approach is 
based on the following observations: 

• It is often easier to work with coinvariant functions Func(M", k)c instead of working with invariant 
functions. 

• Symmetric functions arise as an instance of a general construction which assigns to any fc-algebra 
A its n-th symmetric power algebra Sym n {A). This insight led us to introduce the notion of Polya 
functors which we present in the context of categories over non-symmetric Hopf operads. 

Our main interest is to study formal deformations of the algebra Func(M™, k) G . We take the real numbers 
R as the ground field, and let (M m , {, }) be a Poisson manifold. Under this conditions Kontsevich in ^1] 
have shown the existence of a canonical formal deformation (C°° (W n )[[h]],-k) of the algebra (G°°(R" 1 ), •) 
of smooth functions on R m . We prove that if the Poisson bracket on (R m ,{,}) is G-equivariant for 
G C S m , then the ^-product on G°°(R m )[[fi.]] induces a ^-product on the algebra of symmetric functions 
C°° (M. m ) G [[h]\, which we call the algebra of quantum symmetric functions. We regard this algebra as the 
deformation quantization of the Poisson orbifold K m /G. We remark that in a recent paper 6 , Dolgushev 
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has proved the existence of a quantum product on the algebra of invariant functions C°°(M ) G [[fi]] for 
an arbitrary Poisson manifold M acted upon by a finite group G. His result is based on an alternative 
proof of the Kontscvich formality theorem which is manifestly covariant. 

We present a general description of the quantum product on W" 1 /G using the Kontsevich star product. 
We give explicit formulae for the product rule in the following three cases: 

• symplectic orbifold f) x fj/VV where t) is a Cartan subalgebra of a classical Lie algebra g, and W is 
the Weyl group associated to f), 

• symplectic orbifold C™/Z^ x S n , 

• symplectic orbifold C n /X>^ x S n , where V m is the dihedral group of 2m elements. 

Our motivation to consider these orbifolds came from the study of noncommutativc solitons in orb- 
ifolds [Hj , |17j and the quantization of the moduli space of vacua in M-theory as consider in the matrix 
model approach. Our results will be raised, to the categorical context in 0]. In a different direction, 
they may be extended to include the q-Weyl and /i-Weyl algebras as it is done in {jjjj. We would like 
to mention that these orbifolds have also been studied from a different point of view in pQ, and more 
recently in [Hj. 

We consider the quantum symmetric functions of type A n and uncover its relation with the Schur(oo, n) 
algebras. The latter algebras are natural generalizations of the Schur algebras as defined in We also 
study the symmetric powers of the M-Weyl algebra, which we define as the algebra generated by x^ 1 
and ^ . We provided explicit formulae for the normal coordinates for the M- Weyl algebra as well as for 
its symmetric powers. Similarly, we make clear the relation between quantum symmetric odd-functions 
and the Schur algebras of various dimensions . Finally, we give a cohomological interpretation of the 
algebra of supersymmetric functions. 

2 Invariants vs coinvariants 

In this section we introduce the notion of Polya functors for categories over non-symmetric Hopf oper- 
ads, and provide a list of applications of the Polya functors. We will consider invariant theory for finite 
groups as well as for compact topological groups. To avoid duplication we will consider only the latter 
case in the proofs. 

Let k be a field of characteristic and consider (Vectfe, £g>, k) the monoidal category of vector spaces 
with linear transformations as morphisms. For any set /, consider the category of /-graded vector spaces 

Vect/, it has as objects /-graded vector spaces, V = Vi, Vi G Ob(Vectfc). Morphisms between ob- 

iei 

jects V, W e Ob(Vect/) are given by Mor(V, W) = JjHom^, W*). The category (Vect/, (g>/, ki) 

iei 

has a monoidal structure compatible with direct sums induced by the corresponding structures on 
(Vectfc, (g>, k). Explicitly, given V, W G Ob(Vect/) we have {V®W) l = Vi®W r , {V®W)i = Vi®W h and 
(ki)i = k. For a finite group G, we denote by Vectj(G) the category of /-graded vector spaces provided 



2 



with grading preserving G actions. Morphisms in Vectj(G) are intertwiners, i.e., maps ip : V — ► W 
such that ifi(gv) = g<f{v), for all v G V,g G G. Abusing notation, for an infinite compact topological 
group provided with a biinvariant Haar measure dg, we denote by Vectj(G) the category of finite dimen- 
sional vector spaces over C provided with a G action. We define the symmetrization map sy : V — ► V c 
as the map given by 

sv(v) — — J (gv)dg, if G is infinite and k = C, 



sv(v) = -rrp^: gv, if G is finite and k is a field of characteristic zero, 

where [1(G) denotes the cardinality of G. The sequence — ► Ker(sy) — > V — > V G — > 0, is exact 
and we obtain the corresponding commutative triangle 

V *■ V G 




V/Kei(s v ) 

We denote the space V/Ker(sv) by Vq, and thus we have an isomorphism sy : Vq — > V G . We define 
two functors 

Inv: Vectj(G) — ► Vectj 

V .— » V G 

Coinv: Vect/(G) — > Vect/ 

V ^ V G 

For any v G V, v denotes the equivalence class of v in Vg- We have the following 

Proposition 1. The maps sy above define a natural isomorphism s : Coinv — ► Inv. 

Proof. For each V £ Vectj(G) the construction above provides an isomorphism sy ■ Vg — > V G . For a 
given morphism V ^ W, we have 

aos v (v) = «(^/ G Md S )~/ a Md ff 



G 
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vol(G) j G 

thus proving that for each arrow V —y W the diagram 



g(av)dg — sw{otv) — sw®-(v), for all v G V 



Coinv(a) 



W G ^w 



Inv(a) 
G 



is commutative. □ 
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Notice that Vq may also be defined as Vq = V/ (v — gv : v G V, g S G). Constructions above can 
be generalized to the category Cat^ of all fc-linear categories. We make a more general construction in 
the next section in order to include linear categories over non-symmetric Hopf operads. 

2.1 Categories over non-symmetric operads 

We review the notion of operads and the notion of algebras over operads ^B] . For finite groups G C H 
such that G acts on a fc-vector space V, the induced representation is defined by Ind G (V) = (k[G] ® V)h 
where k[G] denotes the group algebra of G. Let us define two fc-linear categories N and S 

• Ob(N) = {Q, 1,2, . . .,n, . ..} • Ob{S) = {0, 1, 2, . . . ,n, . . . } 

, v I k, if m = n , , , ». \ S n , if m = n 

• Mor N (ra,m) = <^ • / • Mor s (n, to) = <^ ' , 

10, lfmffi [ 0, if m f n 

The category Funct(S' op , Vectj,) of contravariant functors from 5 to Vectfe possesses three important 
monoidal structures given on objects by 

• (V + W){n) = V(n) © W{n). 

. V®W(n)= lnd s s ^ s \V(i)® k W(3)). 

i-\-j=n 

,VoW(n) = ($) lndll iX ... xSa V( J3 )® Sp W(a 1 )® k ---® k W(a p ). 

p>0 aiH ha P =n 

The category Funct(N, Vectfc) admits similar monoidal structures by forgetting the S n actions. 

Definition 2. • An operad is a monoid in the monoidal category (Funct(S' op , Vectfe), o, 1), where 
l(n) = 0,n ^ 1 and 1(1) = k. 

• A nonsymmetric operad is a monoid in the monoidal category (Funct(N, Vectfe), o, 1). 

Explicitly, an (non-symmetric) operad is given by m p : 0{p)®0{ai)®- ■ ■®0{a p ) — ► 0(a 1 + - ■ -+a p ) 
satisfying the list of axioms given for example in If no confusion arises we write to instead of m p . 

Definition 3. Let V G Vect^, we define the endomorphisms operad by Endy(n) = Hom(y®" , V), for 
all n G N. Composition are given by arrows 

Uom(V® p , V) <g> HomfV 8 " 1 , V) ® • • • <g> Hom(y^, V) 
Hom(V® p , V) ® Hom(V®( ai+ - +a "\ V® p ) 
Hom(V r ® n , V) 

for integers n, oi, . . . , a p such that a\ + ■ • ■ + a p = n. For more details see |J5| . 



4 



Let us introduce the category Pre-Cat^ of small pre-categories. Objects of Pre-Cat^ are called 
small pre-categories. A small pre-category C consists of the following data: 

• A set of objects Ob(C). 

• A vector space Mor c (a;, y) associated to each pair of objects x,y e Ob(C). 

A morphisms F e Morp re -c a t(C, from pre-category C to pre-category D consists of a map 
F : Ob(C) — ► Ob(D) and a family of maps F XiV : Mor c (x,y) — > Mor v (F (x), F(y)), for x,y e Ob(C). 
Pre-Catj, has a natural partial monoidal structure. Given pre-categories C and T> such that 
Ob(C) = Ob(P) = X, we define the product pre-category CV as follows 

• Ob(CP) = X. 

• Mov C t>{x, z) = @ yex Mor c (a;, y) ® Mov^y, z). 

The partial units are the pre-categories kx, defined as follows 

• Ob(kx) = X. 



Given a pre-category C, we define the non-symmetric operad Endc(n) = Morp re -cat(C", C), neN. We 



Definition 4. Let O be a non-symmetric k-linear operad. An O-category (C,-f) is a pre-category C 



consist of the following data: 

• Objects Ob(C). 

• Morphisms: Home(a;, y) € Ob(Vectfc) ; for each pair 1,56 Ob(C). 

• For each, k G N and objects xo, x\, . . . , x k <E Ob(C) maps 

Px ,...,x k ■ 0(k) <g> Hom c (a;o,a;i) <g> • • • <g) Hom c (a; fe _i , x k ) — > Hom c (x , x k ) 
We usually write p instead of p X0: ...^ Xk . 

These data should satisfy the following associativity axiom: Given objects xq, . . . ,x ni+ ... +nk , and mor- 
phisms en e Homc(xj_i, Xi), i£ [m H h n k ], t e O(k), ti G 0(ni), then 




used the convention C° = k, 



'Ob(C)- 



together with a non-symmetric operad morphism 7 : O 



Endc- Explicitly, a k-linear O-category C 



p(m(t;ti, . . . ,t k );ai, 




p(t,p(ti;ai, . . . ,a ni ), . . . a„ 1+ ...+„ (J , _ 1)+ i, . . . , 



a «iH hnjc))- 
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For example if we are given objects Xi G Ob(C), for i = 0, 1, . . . , 5, morphisms ai G Mor(xj_x, X{) for 
i = 1, . . . , 5 and i 6 C(5), then the morphism p(t; ai, . . . , as) from object xo to object is represented 
by the following diagram 

a 3 




p(t:a 1 , . . . ,05) 



Given objects Xi € Ob(C), for i = 0,1,..., 8, morphisms en g Mor(:Ej_i, Xj), i = 1,2,..., 8, 
ti,ta G C(3), *2 6 C(2) and i 6 0(4), then the axiom from Definition 0] is represented by the fol- 
lowing commutative diagram. 




Figure 1: Pictorial representation of the associative axiom of Definitional 



Given a nonsymmetric operad 0, we define the category OCat^ as follows: 

• Ob(OCatfc) = small O-categories. 

• Morphism Morci(C, £>) from O-category C to O-category V are functors from C to T> such that 

F(p(t; a!,..., a„)) = p(t; F(ai), F(a n )), 

for given objects xq,xi, . . . ,x n , morphisms ai G Homc(a:i-i,ii), F{a,i) G Homu(F(xi_i); F(xi)) 
and t G 0(n). We call such a functor F an O-functor. 



G 



3 Polya Functors 

Given an O-category C, Aut^C) C Functe>(C, C) denotes the collection of invertible O-functors identical 
on objects. Let G be a compact topological group. A G-action on an O-category C is a representation 
p : G — > Aut 1 (C). It is denned by a collection of actions p XtV : G — ► GL(Homc(x, y)) such that 

Px ,x m (g)(p(t;a 1 , . . .,a m )) = p(t; p X() , Xl (g)(a 1 ), . . . , p Xn _ uXm (g)(a m )) 

for objects Xq,Xi, ...,x n G Ob(C), a, G Hom(xj_x, Xi), for all i G [to] and g G G. Abusing notation we 
shall write ga instead of p x , y (g)(a) where x, y G Ob(C) and a G Hom(j;,i/) . We define OCatfc(G) to 
be the category of all linear O-categories provided with G actions. Morphisms F from O-category C to 
O-category V are G-equivariant O-functors F from C into T>, i.e., F(ga) = gF(a), for all a G Mor(x, j/), 
g G G, where x, y G Ob(C). We define 

Inv : OCat fe (G) — ► OCat fe 

C ^ C G 

as follows: Ob(C G ) = Ob(C) , Mor c c y) = Mor c (a;,y) G . C G is a O-category since 
gp(t; oi, . . . , a m ) = p(t;gai, . . . ,ga m ) = p(t; ai, . . . , a m ). 

We define 

Coinv : OCat fc (G) — > OCat fe 

C •— » Cg 
as follows: Ob(C G ) = Ob(C), MoY CG (x,y) = Mor c (x, y) G and 



p(t;a 1 ,a 2 , . . . ,a m ) = — / p(i; 01, #2^2, 33013, • • • ,g m am)&g2&gz ■ ■ ■ dg m (1) 

Theorem 5. There is a natural isomorphism s : Coinv — ► Inv i.e., for C G Ob(OCatfe(G)) we are 
given an isomorphism sq ■ Coinv(C) — ► Inv(C) such that Inv(F) o sc = Sj> o Comv(F), for all functors 
F : C — > T> in the category OCatfe(G). 

Proof. Given a category C and objects x,y G Ob(C), let s^.y : Homc(x,y) — ► Homc(x,y) the sym- 
metrization map defined in the Section By Proposition ^ it induces an isomorphism of vector spaces 

: Rom c (x,y) G — > Rom c (x,y) . 

It remains to check that the following diagram is commutative 



O(fc) (8)Hom c (x ,a;i) G <g> • • • ® Hom c (x m _i, x m ) G 



Hom c (a;o 




G 
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where s = s Xo . Xl ® • • • ® s Xm _ 1)Xm . Clearly, 



p(t; -)id 8) 5 = vpl ^ m ^ ffiai, . . . , g m a m )d 5 idg 2 • • ■ dg r , 



On the other hand, 
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Sx ,x m p(i;ai, • • • ,Om) = — TTTn / flipfa ai, • • • , Om)dffi 

= / 0lP(t;Ol,/l 2 O2,...,/lmOm)d0ld/l 2 ...d/l m 

vol(G) m J Gm 

= — un\rr, I p(t;giai,gih 2 a 2 , ■ ■ ■ ,gih m a m )dgidh 2 ■ ■ -dh m 
vol(G) m J Gm 

= TTTa^ / ^(* ; 9i a i, g m a m )dg 1 dg 2 . . . dg m 
vol(G) m J Gm 

making the change of variables g 2 = gih 2 , ■ ■ ■ , g m = gih m . □ 
Notice that if is an operad then O <S> is naturally an operad with (0 <g> C)(n) = O(n) O(n). 

Definition 6. A Hopf operad is an operad together with an operad morphism A : O — > O ® O. 
We have the following lemma 

Lemma 7. If O is a Hopf operad then the category of O-algebras is monoidal. 

Proof. If A and B are O-algebras then A (g> _B is also an O-algebra, as the following diagram shows 
0(n) ® (A <g> B)® n — ► (O(n) <8> A ") ® (O(n) ® B® n ) — ► A ® B. 

□ 

We now construct a partial monoidal structure on OCat. 

Definition 8. Let O be a Hopf operad, given O-categories C and V such that Ob(C) = Oh(D) — X, we 
define the tensor product category C ®V as follows 

• Oh{C®V)= X. 

• MoT C(SV (x,y) = MoT C (x,y) ®Mor v (x,y). 

• p(t;ai<2>bi, . . . , a n ®b n ) = X)p(i(i);ai, ■ ■ • ' a n)®P(t(2); fa, . . .,b n ), where A(t) = ®*(2) using 
Swedler notation. 

Recall the well-known definition. Given a pair of groups G and K C S n the semidirect product 
G" x K is the set G n x K = {(g, a) : g G G™, a G if} provided with the product (g, a)(h, b) = (ga(h),ab) 
where g,h € G n , a,b € K and if /i = (/ii, . . . , h n ) then a{h\, . . . , = (ft -i(i), • ■ • , fta-^n))- The 
following result is obvious 



Lemma 9. a. Ob(C®«) = Ob(C), Mor c ®„(x, y) = Mor c (x, y)® n . 
b. IfG acts on C and K C S n then G™ x K acts on C® n . 

Assume that C is a category over a non-symmetric Hopf operad O. Let G be a compact topological 
group, and K a subgroup of S n . We construct functor Pq k which we call the Polya functor of type 
G,K 

P g ,k ■ OCat fc (G) — » OCat fe 

as follows: 

• On objects: Given C G Ob(OCat fc (G)), then Pq,k{C) G Ob(OCat fe ) is the category 

^o,jc(C) = C® n /G n xi X. 

Explicitly: 

• Ob(P G! x(C)) = Ob(C®") = Ob(C), and for given objects x,y G Ob(P G ,K(C)), 

Morp G K(c) (^y) = (Mor c ( a;i y)®")/G" x K. 



• Identity: id^ G Mot Pg k(c) {x, x) = id® n G (Mor c (x, x)® n )/G n x if. 

• Composition: Given xo,...,a; m G Ob(Pc ) K (C)) and morphisms Hi G Morp> G K (a; j_ !,#,•), for 
i = 1, . . . , m, we have the following 

p(t;aT, . . . ,a£) = / f)if g|„|L» m _i X] K*; a l: (32,s 2 )a 2 , (g m ,s m )a m ) if G is finite, 

p(t;aT, ■ ■ ■ ,a£) = 7 — ur^n\ln^\\ m -i / p(t; ai, (g 2 , s 2 )a 2 , . . . , (g m , s m )a m )dg 2 . . . dg m , 

(vol(G n )${K)) m ^^^ijelG")-! 

if G is compact and gi G G™. 

• On morphisms: each functor C — ^-*-X> induces a functor C® n _2l — ^p®" . This functor descends 
to a well defined functor 

Pg,k{C) = C® n /G n x K >-V® n jG n x K = P g ,k(V) . 

Example 10. Consider the non-symmetric operad ASS given by ASS(n) = fc, /or a/Z n > 0. „4<S<S- 

categories are categories in the usual sense. This example will be applied in Section^to introduce explicit 
formulae for the composition of morphisms in the Schur categories of various types. 

Definition 11. Let O be an operad. An O-algebra is a pair (A,j) where A is a vector space and 
7 : O ► End^ is an operad morphism. 
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Notice that an 0-algebra may be regarded as an 0-category C with one object by setting A — 
More(l,l). We denote by OAlg fe the category of O-algebras and by OAlg fc (G) the category of CP- 
algebras provided with a G action. We have two naturally isomorphic functors 

Inv: OAlg fc (G) — OAlg fc 

A i — ► A G 

Coinv: OAlg fc (G) — > OAlg fe 

A 1 — ► Aq 

Let O be a Hopf operad. Assume that A is an 0-algebra. Let G be a compact topological group and 
K C S n . We have a functor 

P GiK : OAlg fc (G) — » OAlg fe 

A i — ► A®"/G™ x # 

The O-algebra structure on A® n /G" x If is given for any ai, . . . , a m G A, t G 0(m) by 

p(t; al, . . . , a^) = — — — -j— — y ^ ai, (,g 2 , s 2 )a 2 , . . . , (g m , s m )a m ) (2) 

if G is finite. If G is compact taking g t G G n we have that 

(vol(G' l )tt(if )) m Jge(G")^- 1 



self 



Corollary 12. Let A be an O-algebra, G a finite group acting by algebra automorphism on A. Take 
K = {id}. The following identity hold in Pg(A) 

ab = — ^- a (9 b ) (3) 



where a.b G A. 



We remark that Joyal theory of analytic functors, see may be extended from the context of 

fc-vector spaces to O-algebras by defining a functor F which sends a family A = {A n } n >o of O-algebras 
provided with right S n actions, into the functor Fa from the OAlg into OAlg given as follows 

F : Funct(S , °P,OAlg) — ► Funct(OAlg, OAlg) 

A = {A n } n > .— > F A (B) = @(A n ®B® n ) Sn for all B G Ob(OAlg) 

n>0 

Example 13. Consider the operad Ass given by Ass(n) = fe[SW], for n > 0. Ass-algebras are the same 
as associative algebras. If we take the family k = {k} n , n > 0, provided with the trivial S n action, then 
F k (A) = Sym(A) 

The following remarks justify our choice of name for the Polya functors. Let K C S n be a permutation 
group. For k G K, let b s (k) be the number of cycles of k of length s. The cycle index polynomial of 
K C S n , is the polynomial in n variables xi, . . . , x n 



Pk( x 1, ■ ■ ■ j x n) — a/ f7\ ^ ] X l ^ X 1 ^ • • • X rT^ 
™ ' k£K 
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Let A be a finite dimensional 0-algebra and X a basis for A. Using Polya theory [22], we can compute 
the dimension of the O-algebra as follows: 

&im{{A® n ) K ) = ${X n /K) 

= P K ($(X),$(X),...,$(X)) 
= PA'(dim A, dim A. . . . , dim ^4). 

3.1 General multiplication rule 

For each K c S n consider the Polya functor Pk '■ fc-alg — ► fc-alg from the category of associative 
fc-algebras into itself defined on objects as follows: if A is a fc-algebra, then Pr(A) denotes the algebra 
whose underlying vector space is 

P K {A) = (A® n )/{a x <g> •••<8> a n - a CT -i (1) ® • ■ • <8 a CT -i (n) : a* G 4,(r G X). 

Our next theorem provides the rule for the product of m elements in Pk {A) . 

Theorem 14. For any aij G A the following identities holds in Pk{A) 



m I n \ n / m 



ttw^n (gK = e o n^-o) (4) 

i=l \J = 1 / CTefidjx/f'"- 1 j = l \i=l / 

Proof. It is follows from formula J5J), taking Ass as the underlying operad and setting G = {id}. □ 

Theoremll4l implies the following 

Proposition 15. Let A be an algebra provided with a basis {e s \s G [r]}. Assume that e s et = c(fc, s,t)ek 
(sum over k), for all s,( £ [r\. For any given a = iflij) G M nxm ([r]) the following identity holds in 
Pk(A) 



in, I n 



i=l = i J <y,a \j = l J j=l 

where the sum runs over all a G {id} x K m , a = (aj) G Af( m _!) X „([r]), and 
c(a j ,a, cr) = c(a{, a la -i (j) , a 2a -i {j) )c(c4, a{, a 3a -i [:j) ) . . . c{a 3 m ^ 11 ce , m _ 2l a ma -i {]) ). 

Proof. 



m n \ n I m 

i=l \i=l / crejidlxG" 1 - 1 J = l \i=l 



y^(g)c(a,a, cr)e am _ 1 

Q,(T J=l 



I e„ 



□ 
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Let us consider a non-symmetric Hopf operad O. Assume that a basis p m , t G [k m ], for 0(m) is 
given for each m G N. Moreover let us assume that A(p* n ) = (g) • • • (g) p^, then the next proposition 
follows from formula 

Proposition 16. Let A be an O-algebra provided with a basis {e s \s G [r]}, and let 0(n) = (p m : t G 
[r m ]) ■ Assume that p t m (e Sl e Sm ) = c(t, k, m, si, s n )e/-, (sum over k). For any given a — (a»j) G 
A4xm(H), following identity holds in Pk{A) 

n n 

Pm(®i=l e «ii. ■ ■ - .®"=iea mj ) = S II U J' m ' ■ ' ' ' a m^(i))0 e "i 

cr,u J — 1 J — 1 

where the sum runs over all a G {id} x K" 1 ^ 1 and u G [r] n . 

4 Symmetric power of a supercategory. 

Let us consider Polya functor Pg,k : Catfc(G) — ► Catfe for the case G = id, K = S n , i.e, we consider 
for each n G N the functor 

Sym" : Cat fc — ► Cat fc 

Recall that a supercategory is a category over the category Supervect of Z2-graded vector spaces with 
the Koszul rule of signs. Functor Sym™ may be applied to supercategories as well. The next result 
provides formula for the composition of morphisms in the symmetric powers of a supercategory. We use 
the notation a± . . . a„ — a\ <g> • • • (g> a n G Sym™ (Home (a:, for morphisms a±, . . . , a n G Homc(x, y). 

Proposition 17. Let C be a supercategory and let ai, ■ ■ ■ , a n G More (a;, y) and bi, . . . , b n G Morc(y, z). 
In the supercategory Sym"(C) the compositions of morphisms is given by 

(aioa • ■ ■ a„)(6i6 2 ■ ■ ■ K) = — ^ sgn(a, b, <7)(ai& CT -i(i))(a 2 & CT -i( 2 )) • • • (a n K- 1 (n)) 

w/iere sgn(a, b, a) = (-l) e and e = e(a,b,<r) = alK-^U) + £„(,)>«,(,) 

4.1 Schur categories 

Let A: be a field of characteristic 0, m = (mi, . . . , m^) G N fc , Z m = Z mi x • • • x Z mfc and n G N. We 
define the Schur supercategory of type (m, n) as follows: 

Ob(S(m,n)) — finite dimesional fc-supervector spaces. 

Mor SM (V,W) = (Rom k (V m -,W^r n ) z ^ Sn . 
Z™ x S n acts on (Kom k (V® z ™ , W® z ™)® n ) as follows 

X n m x S n x (Hom fe (T/© z ™,^ ez -)®™) — ► (Hom fe (F® z ™ , tf/© z ™)®™) 

(( Cl) ...,c„),a)(£;*^...^»« : ) 



^ r< T n\(s 1 +c 1 ) 



,E 



+C„ 
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where E(V, Wy^l are the elementary linear transformation in (Homfc(T^ eZm , W s>I ' m ), i G [dimK], 



1 13 

?k 



k G [dim W] and j, I G Z^. We apply Polya functor to obtain explicit formula for the composition rule 

Mot(V, W) <g> Mor(VF, Z) — ► Mor(F, Z). 

Theorem 18. For any given M — mi . . .rrik, i,t G [dimW], k G [dimZ], r G [dimV], and j,l,s,u G 
Z^j, we ftai>e 

(S(V, W^ 1 . . . E(V, W)*±)(E(W, Z)%% . . . E{W, Z)££) = 

— !— V sgn(cr,i,fc,r,<)S(y,Z) fel/l , ^. , ... E(V. Z) fc "S ,. , 
M n n\ 6 v ' ' ' ' ' v ' ; »-<7 (1) 0i+ji-«i) v ' ; r CT(n) (s„+j„-M„) 

a e S n 

^cr(a) 

where sgn(cr, i, k, r, t) = (— l) e and 

e = yfoi + fci)(r CT -l(i) + £ CT -i(z)) + ( r <T-!(i) + <«r-l(i))(»'<7-lC7) + *<7" !(.?'))■ 

i>3 ff(i)>ff(j') 

Proof. Straightforward using Polya functor and Proposition El d 

We now develop a graphical notation that make transparent the meaning of Theorem 1181 Let us 
assume that n = 4, k = 4, mi = 6, TO2 = 3, dim(l/) = 4, dim(VF) = 2 and dim(Z) = 3. We represent an 
elementary linear transformation E(V, W) as in Figure 



E(V, W)% 



Figure 2: Representation of elementary transformation. 



Notice that each block corresponds to Zg x Z3, Z@ acting horizontally, and Z3 acting vertically. The 
number of blocks in the bottom row is dim(V), and the number of blocks in the top row is dim(VF). El- 
ements of (Hom(F® Zm , VF® Zm )®™)( Zf , xZ3 )4 ><] 5 4 are depicted by four non-numbered arrows, and similarly 
for elements of (Hom(VF ffiZ "*, Z ez " , )®")( Ze><Z3 )4 Xl 5 4 . Composition is obtained as follows 

• Fix an arbitrary enumeration of the arrows in (Hom(F® z "*, W* r ® z "*)®™W 6 xZ 3 ) 4 >4S , 4- 

• Sum over all possible enumerations of the arrows in (Hom(W / ® Zm , Z® m )®™W 6X x 3 -j4 )<i 5 4 , 

• Stacks arrows from (Hom(V ffiZ "> , W® z ™ ) ®" ) (z „ x Za * S4 to arrows on (Hom( VF ez ™ , ) ®" ) (z 6 x z 3 ) 
taking care of enumeration and using the Z2 x Zg symmetry 

Notice that composition is interesting in that no-touching arrows may nevertheless be composed (due 
to the Zg x Z3 symmetry) as shown in Figure |3| 
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Figure 3: Example of composition. 



Definition 19. The Schur superalgebra of type (sdimV, m) is given by Homs n (V® 71 , V® n ), where sdim 
denotes the superdimension of a supervector space. 

See |1L)| for more on Schur algebras. 

Corollary 20. Form = 1 and V — W , Mor S ( m: „) (V, V) is the Schur superalgebra Schur(sdimV, m) of 
type (sdimV, m) . 

Proof. (Hom(V, V)® n )s n = (Hom(V, V)® n ) Sn = Hom s „ (V® n , V® n ). □ 

5 Classical symmetric functions 

In this section we study classical symmetric functions by means of the Polya functor. We provide a fairly 
elementary interpretation of the symmetric functions in terms of the symmetric powers of the monoidal 
algebra associated to the additive monoid N m . We also consider symmetric odd-functions as well as 
symmetric Boolean algebras. Symmetric functions have been studied from many points of view, see for 
example HE], US], EH ■ 

5.1 Symmetric functions of Weyl type 

The classical Weyl groups of type A n ,B n , and D n , are S n , ZJ? x S n and Z^ -1 x S n respectively. These 
groups act on (R m )™ as follows: 

S n x (R m ) n — > (W m ) n 
(a,(xi,...,x n )) i — > (a; CT -i (1) , . . . ,x CT -i(„)) 

(Zf xi S n ) x (R m ) n — ► (M m )™ 

((*!,. ..,t n ),0-)(xi,...,X n ) I > (tiX .-i(i),...,t T ,X --i( 7l )) 

The group D n is regarded as a subgroup of B n as follows 

ZJT 1 x S n = {((ti, . . . ,t n ),a) E Z™ x S n : t x t 2 ...t n = 1}. 
Definition 21. Fix m G N. The algebra of symmetric functions of type A n , B n and D n are given by 

• Sym An (m) = (C[xi, . . -,x n })s n = {C[x\, . . . ,x n ]) Sn , 

• Sym B7i (m) = (C[x x , . . . , z„]) z » x <? n = (C[xi, . . . , x n ]) z ? ><s " 7 
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• Sym Dn (m) = (C[x 1 ,...,x n ])^-i„ Sn S£(C[x 1 ,...,x n ]) z * 1>,s ", 

where Xi = (xn, . . . , x im ), for i = 1, . . . ,n. 

The map C[N m ]® n — ► C[xi, . . . , x n ] given by a\ ® ■ ■ ■ ® a n \ — ► a;" 1 . . . defines an isomorphism 
of algebras, where a, £ N m and x^ = x^ 1 . . . x\™ . We set N™ = {a E W n : \a\ is even} and 
N™ 1 = N m : \a\ is odd}. We denote X A = x" 1 . for A = (a u . . . ,a n ) £ (N m ) n . 

Theorem 22 (Classical symmetric functions). 

a. The following is a commutative diagram 

(C[N m ]®") Sn 3 (C[N™ +N' ri ]®") 5 „ D (C[Nf]®") s „ 
Sym^ (m) -» Sym Dn (m) -» Sym Bji (m) 

where the vertical arrows are isomorphisms. 

b. For A, B £ (N m )" 7 the product rule in Sym^ (to) is given by 



x A x B = —, V x A + 

77.1 ^ 



a(B) 
<t6S„ 

and on Sym Bn (to) and Sym^ (to) by restriction. 

Proof. The first row of the diagram above follows from the isomorphism above after taken care of the 
(resp. _1 ) symmetries for the groups B n and D n respectively. It is clear that part b implies the rest 
of a. We prove b. Given A,Bg (N m )™, using Proposition El f° r the product in Syrn^ (m), we obtain 



X A X B = 

' cr£S„ 

77! ' 



MB) 

71! ^ 

cr£S„ 

Now consider A, B e (N" l ) n , the product in Synig (m) is given by 



X A X B — ^ ^ ■ ■ ■ ^1 ■ ■ ■ ^ n ^ n 



- ^ X A +°( B ) 7 since ^(-l)*^" 1 =2". 



?1 ' 7reS„ te 
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Consider A, B e (N™ + N™) n , we obtain 



YA X B - 1 "V T ai b <r-Ul) .b„ b «-Hn) 

WW — nr. 1 I / j 1 " " " **' n ''l "^1 " ' ' ™ -in 

z™ 1 n! z — ' 

(t,<r)ezjxs„ 

/ \ 

V n*i=i 



— £ 



£ &i + &« 



n*i=i 



□ 



5.2 Symmetric odd-functions 

Consider the alternating algebra /\[0i, ... , TO ], which we regard as the algebra of functions on the purely 
odd super-space K°l m . A basis for f\[6i,. . . , 9 m ] is given by {9i — 9 il . . . 9 ik \ Id [m]}. The structural 
coefficients are given by QjQj = c{I,J)6 IUJ , where c(J, J) = (-l)Kie/,j€J, i>j}\ ^ if / n J = 0, and 
otherwise. The algebra /\[6\,. . . , 9 m ] is Z 2 -graded, with grading 6j = I = if |J| is even and 9i = I = 1 
if |/| is odd. Now we apply Polya functor to obtain 

Proposition 23. The product rule in the algebra of symmetric odd functions {/\[0i, . . . , 8m]® n )s n is 
given by 



if n \ ™ 

(6i 1 ...e In )(e Jl ...e Jn ) = - ]T sg n(/, j,a) l[c(i k , j ff - 1(fe) ) JI'W-i 

' <xGS„ V fc=l / i=l 



(fc) ' 



w/iere sgn(7, J, <r) = (-l) e and e = £ hJ a -i(i) + £ ^ fc ^' 

fc>( er(fc)>£r(Z) 



Proof. 



(9 Il ...9 I J(9 Jl ...9jJ = 1 E sgn(7,J,a)(^^_ 1(i) )...(^ n ^_ 1(n) ) 

' ereS„ 

= i £ S g n ( / > J >' T ) ( f[ c (4, 4-Hfe))^uj„_ 1(t) ] 



1 / ™ \ ™ 

- £ sgn(7, J,ct) JJc(7 fc , J CT -i( fe) ) n^ u ^-i 

' creS„ V fe=l / fe=l 



(fc) 



□ 
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5.3 Symmetric Boolean algebra 

Fix n £ N and let P(n) be the free C-vector space generated by the subsets of [n], i.e., P(n) = (A : Ac 
[n]). Define a product U on P(n) by 

U : P(n) ® P(n) — ► P{n) 
A®B i — ► AUB 

(P(n), U) is a Boolean algebra and dim(P(n)) = 2™. S„ acts naturally on [n] and thus on P(n). We call 
the algebra (P(n), U)/S n — (P(l)® n )/S n = Sym™(P(l)) the symmetric Boolean algebra; it has dimension 
n + 1, a basis being {[0], [T], . . . , [n]}. We define P(n, k) := {A C [n] : \A\ — k}. An application of Polya 
functor yields the next 



Theorem 24. [a][b] = i E ( . " .) (" , & ) I a + k l for all [a], [b] e (P(n), U) s „, and 
m = min(6, n — a). 

Proof. 



71! 

o-eS„ W SSF[«,6] 



B CP(W-[o],fc) 
BiCP([o],6-fc) 



KbJ Bo cP(N-[ ],fc) W 



□ 



6 Quantum symmetric functions 

In this section we assume the reader is familiar with the notations from Let us recall the notion of 
a formal deformation 

Definition 25. Fix a Poisson manifold (M, {,}). A formal deformation (deformation quantization) of 
the algebra of smooth functions on M is an associative star product 
* : C°°(M)[[h]} (g> R[m C°°(M)[[h]] — ► C°°{M)[[h}] such that: 

oo 

a - f*9= E] ^n(/'5)^ n » where B n (—, — ) are bi- differential operators . 

71=0 

b- f * 9 = fg + §{/> g}Ti + 0(h 2 ), where 0(h 2 ) are terms of order h 2 . 

In ^31 a canonical ^-product has been constructed for any Poisson manifold. For manifold (K m ,a) 
with Poisson bivector a, the ^-product is given by the formula 

/*5 = E — F E w r-Br,a(/,5), 
n =o ' reG„ 
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where G n is a collection of admissible graphs each of which has n edges, and cur are some constants (in- 
dependent of the Poisson manifold). Given a finite group K acting on (C°°(M),*) by algebra automor- 
phisms, we call the algebra (C°°(M)[[fi,]], = (C°°(M)[[h]],-k) K the algebra of quantum K -symmetric 
functions on M. 

Next theorem shows how groups of automorphisms of (C°°(M)[[7i]],*) arise in a natural way. 

Theorem 26. Assume we are given a Poisson structure {-, -} on R m , and a group K C S m such that 
{-,-} is K-equivariant. Then K acts on (C°°(R m )[[7i]],*) by automorphisms. 

Proof. We assume that {/, g} o a = {/ o cr, g o cr}, for all /, g G C°°(R m ), cr e if, or equivalcntly 
a y '(<7x) = a CT W cr ^^, where a 1 ^ = {xi, Xj} for all i, j s [m]. Let us show that a(f -kg) = (erf) * (erg). 



71! 

n=0 r 



On the other hand 



((^f)* (ag) (x) = ^2—^2wrBr ia (crf,crg)(x). 
n=0 ' r 

We need to prove that 

Bv, a (fi9)(^ 1 x) = B r , a ( CT f^9)(x), for all r G G r , 
Using Kontsevich's formula (see ^3]) we get 



B r , a (f,g)(cr- l x) 



E 

I:E r — >[m] 



II II fy. I 

i=l \ e££r,e=(*,i) 



(cr x a;)x 



n / x n ^(^) ] 5 ] 

v eG-Br,e=(*,L) / / V V e£Br,e=(*,fl) 



E 



I:E r — >[ml 



n n ] « 

i=l \eeB r ,e=(*,i) 



a(I(e\))a{I{e 2 t )) 



(x)x 



n ^a(e)) / ° ° 1 w x ( i n d °(m) \9° a i \^ x ) 

K e£E T ,e=(*,L) I I \ \e£E T ,e=(* ,R) 



Br,a(ff/, erg)(x). 



Corollary 27. Under the conditions above, the product rule on (C°°((R m )")[[?i]], *)k is given by 



□ 



(5) 



a£Kn=0 \ T 



for all f,g e C°° (R m )"p]]. 
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Proof. Using Polya functor corollary 1 121 we have 

_ 00 fjU / \ 

f*9= f*< j 9= EE 7 E rarBr -^'f o(T " 1 ) ■ 

aEK <r£Kn=0 \ T ) 

□ 

Definition 28. Given a Poisson manifold (K m ,{ , }) and a subgroup K C S n the algebra of quantum 
symmetric functions on (R m ) n is set to be (C°°(R m ) n {[h}},*) K ^ (C°°(R m )™[[?i]], *) K . 

Notice that if (R m ,a) is a Poisson manifold then (R m )™ is a Poisson manifold in a natural way. 
Moreover the Poisson structure on (R m ) n is ^-equivariant, and thus if-equivariant for all subgroup K 
of S n . 

6.1 Weyl algebra 

The Kontsevich ^-product given by formula f*g= — r uJrBr,a(f, g) is notoriously difficult to 

n=o n ' reG„ 

compute. Nevertheless, there are two main examples, see |14| in which a fairly explicit knowledge of the 
start product is available: 

a. If a is a constant non-degenerated Poisson bracket on R 2 ™, then the quantum algebra of polynomial 
functions on R 2 ™, i.e., (C[sei, . . . , X2 n ] [[^]]>*) is isomorphic to W <8>c[[R]] ' ' ' ®C[[ft]] where W is 
the Weyl algebra, (see definition below). 

b. If a is linear Poisson bracket in R™, then (R™, a) is isomorphic as a Poisson manifold to g* for some 
Lie algebra g. In this case the quantum algebra of polynomial functions on g* , i.e., (C[g*] [[H]}, *) 
is isomorphic to the universal enveloping algebra Uh{g) of g. 

Case a will be considered in this section. Case b for g = 5 [2 is considered in 0. The case of a classical Lie 
algebra will be treated by our means elsewhere. The algebra W — C(x, y)[[h]]/(yx — xy — h) is called the 
Weyl algebra, it is isomorphic to the canonical deformation quantization of (R 2 ,dx A dy) if we consider 
only polynomial functions on R 2 . This algebra admits a natural representation as indicated in the 

Proposition 29. The map p : W — > Endc[[n]](C[o;][[/i]]) given by p(x)(f) = xf and p(y)(f) = for 
any f € C[x][[h]\ defines an irreducible representation of the Weyl algebra. 

We order the letters of the Weyl algebra as follows: x < y < K. Assume we are given Ai = (ai,bi) S 
N 2 , for i e [n]. Set A = (Ax, ...,A n ) e (N 2 )™, X A * = x a *y b * and let | | : N n — > N be the function 
such that \x\ :— X^i 2 -^ ^ 0T a ^ x e Given x £ N n and i G N, we denote by x<i the vector 

(xi, . . . ,Xi-i) £ N l_1 , by x<i the vector (xi, ... ,Xi) £ N 1 and by x>i the vector (xi + i, . . . ,x n ) £ 
We write a h n if a £ N fc for some k and \a\ — n. Using this notation we have 
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Definition 30. The normal coordinates N(A,k) of J^X^ £ W are defined through the identity 

i=i 

n min 

Y[ X A ' = J2 N ( A , k)x^- k y w - k h k (6) 
i=l fc=o 

/or < fc < min = min(|a|, |6|). for fc > min, we set N(A,k) equal to 0. 

Recall that given finite sets N and M with n and to elements respectively, the number of one-to-one 
functions / : N — > M is m(m — 1) . . . (m — n + 1) = (to)„. The number (m)„ is called the n-th falling 
factorial of to. The n-th rising factorial to'™) of to is given by to*-™) = m(m + 1) . . . (to + n — 1). For any 
a,b £ N'\ we define (») := (£)(£) . . . (£), and a! = ai !a 2 ! . . .a„L 

Definition 31. A k-pairing from set E to set F is an injective function from a k-elements subset of E 
to F. We denote by P k (E,F) the set of k-pairings from E to F. 

Definition 32. Fix variables t — (ti, . . . ,t n ) and s — (s±, . . . , s n ). The generating series N of the 
normal coordinates in the Weyl algebra is given by 

N =Y J N{A,c)~u c eC[[s,t,u}] (7) 

a.b,c 

where the sum runs over a, b £ N n , c £ N and A = (A%, . . . , A n ) £ (N 2 )™. 
Theorem 33. Let A, k be as in the Dehnition \S(A the following identity holds 

l \ Tl—l 





phk i=l 



N(A,k) =J2[ J] (|o>i| - \ P>i \) Pi , where pe W 1 



b. Let E\, ... , E n , F\, . . . ,F n be disjoint sets such that ${Ei) — at, ${Fi) — 6.;, for i £ [ti], set E 
UJLx-E*, and F = Uf =1 F,, then N(A, k) = ||({p £ P k {E,F) \ if (a,p(a)) £ E, x Fj then i > j}). 



c. 



N = exp utiSj + + . 



Proof. Using induction one show that the following identity hold in the Weyl algebra 

min 

A° = E )(a) kX a - k y b - k h k , (8) 

where min = min(a, 6) . Several applications of identity JBJ imply a. Notice that for given sets E, F 
such that i(E) = a and Jj(F) = 6, ( b k ){a) k is equal to (t({p £ P k {E,F)}), showing part b for n = 2. The 
general formula follows from induction. This prove 6. It follows from standard combinatorial facts (see 
EDI, for more details) that 

exp j ut * s i +$>+!>) =E Ca ^h.^ 

\i>3 i 3 ) a,b,c 

where c a ^,c — tt({(p>°") : P £ Pc{A, B) and cr : [c] — ► p, a bijection }) which is equivalent to formula 
0. □ 
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Figure ^illustrates the combinatorial interpretation of the normal coordinate N(A, k) of an element 

3 

J~J x Ai g W, it shows are of the possible pairing contributing to N(A, k). 



i=i 




Figure 4: Combinatorial interpretation of N. 



Corollary 34. For any given (t, a, b) G N x N" x N™, the following identity holds 

n ( f + i»><i - \ b >i\k = e (j n d a >^i - ip>*Din 

i=\ phk i=l 

Proof. Consider the identity JfjJ) in the representation of the Weyl algebra defined in Proposition |2U 
Apply both sides of the identity © to x t for t G N and use Theorem 1331 □ 

Theorem 35. Let A,c be as in the Definition \3(A The following identity holds 
where are integers with 1 < i < h — 1, 2 < j < k and i > j. 

Proof. Consider maps Fy : {p G P C (E, F) | if (a,p(a)) G Fj x Fj then i > j} — > N given by Fij(p) = 
|({(o,p(a)) E A x F,-}). Notice that AT (A, c) = ^ tt({p € F C (F, F) : F y - (p) = c. y - , i > j}). Moreover 

□ 

6.2 Quantum symmetric functions of Weyl type 

The following theorem provides explicit formula for the product of m elements of the n-th symmetric 
power of the Weyl algebra. Let us explain our notation: fix a matrix A : [to] x [n] — ► N 2 , (Aij) — 
((fly), {hj)). Given a G (S n ) m and j G [n], A* denotes the vector (A la -i (jy . . . , A ma -i (j) ) G (N 2 )™ and 

m m 

set x/« = a£«i,J« for j G [n]. Set |AJ| = (|aj|, |6J|) where |aj| = E a -r 1 a) and ^' ^W'OT 

i=i * i=i 



We have the following 

Theorem 36. For any A : [m] x [n] — ► N 2 , £/ie following identity 



m I n 

rAi 



(mr-nin^ ) = e n^)(iK)>jHPij)Jn^'" (fc3 ^ ifci o» 

»=1 \i=l / cr,fc,P V ^ 7 / 3=1 

where a G {id} x S™- 1 , fc G N", G [to - 1] x [n] and p = p{ G (N" 1-1 )", ZioZds in Sym"(VF). 
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Proof. We use Theoremll4l and Theorem 



m / n \ n / m 



T-nin^) - e inn v 

»=1 \3=1 / CTGfidjxS™" 1 3=1 \* =1 



Te{id}xS;"" 1 3=1 \fe=0 



= E II vm ; a - ! ll v / 1 J 



<y,k \j=l / 3=1 



where min,,- = min(|aj|, □ 

Now we proceed to state and prove the quantum analogue of Theorem 1221 We begin by introducing 
a ^-product on (C[N 2m ]® n [[fi.]])s ?l , which is motivated by the proof of Theorem 1391 below. 

Definition 37. The ^-product on (C[N 2m ]® n {[h]]) Sn for A £ (N 2m )™ and C E (N 2m ) n is given by the 
formula 

A*C=±Y,(t) Wc))iA + a(C)-(I,I)hW (10) 
where I : [n] X [to] —* N and a G S n . 

Definition 38. Fix to € N. The algebra of quantum symmetric functions of type A n , B n and D n are 

given by 

• QSym j4ii (m) = (C[x!,yi, . . . , x n ,y n ][[h]], *)s n = (C[xi,yi, . . . ,x n ,y n ][[h]],*) Sn , 

• QSym B (to) = (C[xi,yi, . . . , x n ,y n ][[H]], *)z?xs„ = (C[xi,yi, . . . , x n , y n ] [[H]], *) z = * Sn , 



QSym Dn (m) = (C[x 1 ,y 1 , . . . , x n , y n ] [[h]}, *) z »-i mS = (C[xi,yi, . . . , x n , y n ][M\, *f 



where Xi = (xn, . . .,x im ) and yi = (yn, . . .,y im ). 

Theorem 39 (Quantum symmetric functions). 

a. The following is a commutative diagram 

(C[N 2m ]®"[[7i]],*)s„ D (C[N 2m + N 2m ]®"[[ft]],*) s „ D (C[N 2m p"P],*) s „ 
QSym^ (m) -» QSynip (to) -» QSyaig (to) 

where the vertical arrows are isomorphisms. 
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b. ForAi = ( ai ,bA G (N 2 ) m and C> = (ci,df) G (N 2 ) m i G [n], we set = x^yf and Xf* = x?y 
where Xi — (xn, . . . , Xi m ) and y — {yn, ■ ■ ■ , yim), the product rule in QSyiri^ (to) is given by 

xtxt . ■ ■ xt * xfxf 2 . . . W n = ^V<7(c)) z X^+^F(77)sl J l, 



J,cr 

where I : [n] x [m] -t N, <r 6 S n . T7ie product on QSym B (m) and QSym^ (m) is given 
restriction. 

Proof. We prove b which implies a. Given Ai,Ci G (N 2 ) m , using (JTUJ, we obtain 



'Jl %1 yi ■ ■ ■ 

71! ' — ' 



I,a 

where mux; = nun(bj, c CT - im). Now, consider ^4i,Ci G N 



1 ai 6i c o 

, 2^ x i y i x i 

j=l i j= Q V 3 7 



xf 1 ...Xn n *X^ 1 ...Xn n = -^—^ ^2 i x Tvi ■ ■ ■Xn n yt n )((t,a)x c 1 1 yf 1 . . .Xn n yi") 

' (t,cr)6ZJXlS„ 

(y^ Cj +dj \ 



c, + d. 



since Etez- = 2 ™- Finally, consider A,, C* G N 2m + N 2m 



Xj 41 . . . Xn" * X? 1 . . . Xn n = 2Tl _i | E ^ ^ ' ' ' X "" ^ ) ^ ' y l ' ' ' ' X ™" 

' (t,<r)GZJxiS„ 



^ £ (*(*, c, d) Q ( ff (c))z) X^- { r, I)n \i\ 



n. 

i 
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since 



k(t,c,d)= J2 {-l)^H=-i Ci+di+c " +d " =1 n ~ x □ 



tezj 

n*i=i 



6.3 Quantum symmetric functions on C n /Z^ xi S n 

In this section we shift to complex analytic notation to study the Poisson orbifolds C"/Z" l x S n and 
C™ x S n - The deformation quantization of C™ provided with the canonical symplectic structure is 
isomorphic to the Weyl algebra W — C(zi, zT, . . . , z n , z^}[[h])/ (zz — ~zz — 2iK). The group Z^ xi S n acts 
on C" as follows 

(Z£ xS„)xC" — ► C" 

((wi, . . . , W„),cr)(zi, . . . ,z n ) i ► (lOi^-^!),...,^^-!^)) 

27rifc :) - 

where Wj — e~^~ , j = 1, . . . , n. Thus ZJ^ x S n acts on W = C(zi, ~zi, . . . , z n , ~z^)[[K\)/ (zz — zz — 2ih). 
We denote zf % = zf'^' and N 2 „ = {(a, b) : there is k £ Z such that b-a = km}. 

Definition 40. TTie ^-product on (C[N^P"[[7i]]) Z n >, Sn /or A £ (N 2 )™ and C £ (N 2 )™ is groen 6y the 
formula 

* *C = ^ E(- 2 *) |/| 0) Wc)M + «r(C)-(/,/)fil / l 

7,(7 ^ ' 

w/iere / : [n] — > N erne? 
Theorem 41. The map 

(C[N 2 n p"[[ft]],*) z ™, 5 „ — (C[«,2]®»[[n]],*)z»„s B 
(A u ...,A n ) ^ Z^...Zf» 

is an algebra isomorphism. 

Proof. Let A, = (a*, bj) G N 2 , and d = (q, dj) £ N 2 i £ [n], we have 

7A1 7 .4„ 7C1 7C _ „ai-J>i „a n —b n _ci— di c„— d„ 

^1 ■ • ■ t-'n * -^1 • • • — *i ^1 • • ■ z l z l ■ ■ ■ ^ n 



m n nl 



]T 4^ . . . zSr?fr((w, a)(z?zt ■ ■ ■ z c nzt)) 



n m—1 



m n n\ 



z a i-J>o z c "- 1 U)-~ d <r- 1 U) 
3 j j 3 



= 1 ^ ((-2i) |J| Q (a(c))jj ^"(CM'-Oftl'l 



I:[n]->S 



□ 
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Let T> m be the dihedral group of order 2n, where T> rn — {Ro, Ri, ■ ■ ■ , Rm-li So, S%, . . . , S m -i}, 
Rk(z) = z, and Sk(z) — e 2 ^^, for k = 0, . . . , m — 1. T> r r l n yt S n acts on C" as follows 

(P™ x S n ) xC" — > C™ 
((di, d 2 , ■ ■ ■ , d„), cr)(zi, z 2 , . . . , z n ) i — > (diz^-ij!), . . . , d„z CT -i( n) ) 

We will apply Polya functor to obtain a product rule on (C°° (C n )[[h]],-k)x>"»s rl 

Definition 42. The ^-product on {€.[n 2 m ]® n [{h]},-k)- D n >iSn for A G (N 2 )™ and C G (N 2 )™ is given by the 
formula 

A*C=±-Y. (r) (^))/A+(<7(c),<T(d))-(/,/)fi |;| +^ E ( 6 j ") Wd))M+Wd)^(c))-(/,/)fi |J| 
where I : [n] — ► N tmd cr G S n . 

Theorem 43. Tfte map (qN 2 ,]®"^]],*)^^ — ► (C[z, 5]® b [[/»]],*)i>»mS b pven 6y 
^J 41 ■ ■ ■ ^rj 1 " * s an algebra isomorphism. 

Proof. For any A, = (a,, 6,) G N 2 , C, = (c,-, d,) G N 2 , we have 



£>\ ■ ■ ■ &\ ■ ■ ■ £>n 



y ' z \ 1 z i . . . Z n n Z n " ((d, <J)Z-y Z-y . . . Zn"Z^) 



(2n)n\ 

V ' (d,a)eV"AS 

1 / n n— l \ I n 

e n e e 2 ^-^ n + z^^-^zf-^ 



(2n)n\ , , , 

= -L V f ^ (a(c)) I Z A +W<<'W)-V' I )h\ I \ + —,Y( b + C: \ MdfijZA+WQrW-VmW . 
2n\ \I I 2n\ \ I I 

a, I v ' a, I v ' 

where a G S n and I : [n] — ► N. □ 
6.4 Quantum super-functions 

We denote by Mat(n) the algebra of C-matrices of order nxn. It is well-known see 3 that the canonical 
quantization of Acl^ 1 ' ■ ■ ■ > ® m \ IS isomorphic to the Clifford algebra C(m), i.e, the complex free algebra 
on m generators 9\,...,6 m subject to the relations OiOj + OjOi = 28ij, for i,j G [m]. It is also known 
that 

C(m) = Mat(2^) if m is even, and 

C(m) = Mat (2 ^ ) ©Mat (2 if m is odd. 
Thus the algebra of quantum symmetric functions on the super-space R°' m is isomorphic to 

Sym"(Mat(2 m )) = Schur(n, 2 m ) for m even, 
Sym"(Mat(2 :2 2 li ) ©Mat(2 IIi r i )) = Sym a (Mat(2 2:! ? i )) ® Sym fc (Mat(2 IIi r i )) 

a-\-b—n 



Schur(a, 2^) ® Schur(fo, 2^) for m odd. 



a+b— n 
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Definition 1441 and Proposition 1451 below are taken from |18| . 

Definition 44. We denote by gl(oo) the algebra of all matrices (a^) such that a,ij £ C[[/i]] ifi> j, and 
a, tj e (hC[[h]\y- i , ifi < j. We set Schur(oo,n) := Sym"(g[(oo)). 

For any a, b G Z-°, we define the matrices 

f &±^H b , if {i,j) = (a,b) + (k,k), fc = 0,l,2,... 
E a ,b{i,j) = I 

[ 0, otherwise. 

Proposition 45. There is a canonical isomorphism p : W — ► gt(oo) defined on generators by p(x) = 
Ei fi , p(y) = E QA and p(K) = hi. 

Proof. The linear map p is a well defined algebra homomorphism since the Weyl algebra is the quotient 
of a (formal) free algebra by the ideal generated by the relation yx — xy + h, and the following identity 
holds Eq iEi q = Ei^qEq^i + hi in g[(oo). Similarly p is a bijection since E a j, is a basis for 0t(oo) 
and p(x a y b ) = E a ^ as consequence of the fact that in gt(oo) the following identities are satisfied: 
Eo, a Eo,i = E , a +i, E a fiEifi = E a+ i, and E a fiE ,b — -E a ,b, for all a,b E Z-°. 

□ 

We denote by W the formal Weyl algebra, i.e. W — C((x, y))[[h]]/ {yx — xy — h) and QSym Aj (l) = 
Sym n (W). 

Theorem 46. a. The algebra QSym An (l) of formal quantum symmetric functions on 
((M 2 )", Y^, dxi A dyi) is isomorphic to Schur(oo, n). 

b. The algebra of formal quantum symmetric functions on the superspaces R 2 I™ is isomorphic to 
Sym™ (g[(oo) ®C(m)). 

Proof. a. QSym An (l) ^ Sym"(t?) = Schur(oo, ti). 

b. The algebra of formal quantum functions on the superspace R 2 '™ is isomorphic to 

W ® C(m) = fl[(oo) <g) C(m). 

Thus, the algebra of formal quantum symmetric function on the superspaces R 2m l" is isomorphic 
to Sym" ( [(oo) ® C*(m)). 

□ 

6.5 M-Weyl algebra 

In this section we introduce the M-Weyl algebra. Although closely related to the Weyl algebra, the 
M-Weyl algebra does not arises as an instance of the Kontsevich star product. 

Definition 47. The M-Weyl algebra is the algebra MW = C(x, y)[[h]]/(yx - xy ~ x 2 h). The letter M 
stands for meromorphic or mimetic. 



2G 



We have the following analogue of Proposition 1291 

Proposition 48. The map p : MW — ► End(C[x][[/i]]) given by p(x)(f) — x^ 1 f and p(y)(f) = — 
for any f G C[x][[h]] defines a representation of the M-Weyl algebra. 

We order the letters of the M-Weyl algebra as follows: x < y < H. Assume we are given Aj = 
(a h bi) G N 2 , for i G [n]. Set A = (A u ...,A n ) G (N 2 )™ and X A > = x ai y bi , for i G [n]. Using this 
notation we have 

n 

Definition 49. The normal coordinates Nm(A,Ic) of J^X' 4 * G MW are defined through the identity 

»=i 

n min 

J]X Ai =^iVM(Afc)a;l A l + ( fc '- fc ^ fe (11) 

i=l k=0 

where < fc < min = min(|a|, 6|). For k > min, we set Nm{A, k) = 0. 
Theorem 50. Let A, fc be as in the previous definition, the following identity holds 
a. 

N M (A 7 k) = J2[ II(l a >'l + l^l) (P<) - ( 12 ) 

phk v?' i=l 

6. Let Ei, . . . , E n , F\, . . . , F n be disjoint sets such that fl(-Fi) = ai, tt(-^i) = &ij /or i 6 [n]. 5e£ 
_E = UEi, F = UFi and consider the set Mj. of all functions f : F — > P(E) such that 

• f(x) n f{y) = 0, for allx,y£F. 

• If x G -Fj, y G Ej, and y £ /(#), then j < i. 

• E tt(/(o)) = fc - 

thenN M (A,k) = $(M k ). 
Proof. Using induction one show that the following identity hold in the M-Weyl algebra 

min 

y b x a = p Q a^x a+k y b - k h k , (13) 

where min = min(a, b) . Several application of the identity 113|) imply a. Notice that for given sets E, F 
such that \F\ = a and \E\ = b, Qa^ is equal to : F — ► P(E) : f{x) n f(y) = 0, for all i,j £ 
F, and tl(/( a )) — &})• This shows 6, for n = 1. The general formula follows from induction. □ 

Figure [3 illustrate the combinatorial interpretation of the normal coordinates Nm{A, 6) of 

3 

J~J X A i g MW, it shows an example of a function contributing to A/m(A 6). 
i=i 
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Figure 5: Combinatorial interpretation of Nm- 



Corollary 51. For any given (t, a, b) 6 N x N™ x N n , the following identity holds 

Hit - \ a>i \ = E(- i ) fc J n cia>d - b>,i) (pi) i| 6 i- fe 

Proof. Consider the identity in the representation of the M-Weyl algebra defined in Propositionl48l 
Apply both sides of the identity to x 1 and use Theorem 1501 formula i|12|) . □ 

The following theorem provides explicit formula for the product of m elements of the M-Weyl algebra. 
Using the same notation as in the Theorem 1361 we have the following 

Theorem 52 (Symmetric powers of M-Weyl algebra). For any A : [m]x[n] — > N 2 , the following 
identity 



m I n 



wHiln^) = e (nfDd^Mi+i^D^ln^ 1 ^^^ 1 ( i4 ) 



i=l \i=l / <J,k,p \ l,J vi J j=l 

where a £ {id} x S^' 1 , keN n , 6 [m - 1] X [n] and p = p> E (N™ -1 )", holds in Sym n (MW). 
Proof. By Theorem 1141 and Theorem I5UI we have 



m I n \ n / m A 

(n !r -n n*H = E n ii v 



rG{id}xS™" 1 J = 1 \k=0 



o-,fe \J = 1 / 3=1 



e ( n ( 6 i)(iKy + i^D (ri) I n^ h(fe3 ^ |fc| ' 



, 

a-,k,p \ i,j VJ y j=i 

where mim,- = min(|aj|, \bj\). □ 

6.6 Cohomological interpretation of symmetric functions 

Let G be a finite group acting on a compact differentiable manifold X. G acts on H.(X), the singular 
homology groups with complex coefficients of X, as follows: 

GxH.(I) — ► H.(X) 

(5, a) 1 — ► 5* (a) 
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where g*(a) denotes the push-forward of a by the map g. Similarly G acts on H*(X), the singular 
cohomology groups with complex coefficients of X, as follows: 

GxH'(I) — ► W(X) 

(9, a) 1 — ► g* (a) 

where g*(a) denotes the pull-back of a by the map g. It is well-known that H*(X/G) = H'(X) G , see 
HI]. Identifying IT*(A) G with TT(X) G , we obtain E'(X/G) = H*(X) G . Consider X n /G n x K where 
K C S n eaid X n = X x X x ■■■ x X. We have that 

R'(X n /G n xK)^ R'(Xf n /G n xK^ P g ,k(H'(X)). 

Next theorem shows how symmetric and supersymmetric functions arise as the cohomology groups of 
global orbifolds (quotient of manifolds by finite group actions). We denote by CP 00 the inductive limit 
of the complex projective spaces CP™. Also, we let S 1 be the unit circle in C. 

Theorem 53. a. H*(((CP 00 ) m )"/S'„) = Sym An (m). 

b. E-idS'rr/Sn) S Sym"(A^i, • • ■ , 9 m ]). 

c. H'(((CP°°r x (S^r/Sr,) s Sym n (C[:r 1 , . .. ,x n ] ® APi, . . 9 k ]). 

Proof. Recall that H*(CP") = C[x]/(x n ), see 0, which implies that H*(CP°°) = C[x\. Thus, by the 
remarks above 

H*(((CP°°) m ) n /S' n ) = ((H , (CP°°)® m )® n )s„ -H'((C[a;]® m ) c5n )5 ri 
S (C[x u . . .,x m ]f n /S n SS Sym An (m). 

Since H'(S' 1 ) = C[0]/ (6> 2 ) as graded superalgebras with 6 of degree 1, then 

H' (((<?* )">)«/<?„) - ((H'(S ,1 )® m )®")s' n - . . . , m ]® n ) s „ = Sym"( . . . , 9 m ]). 

Finally 

H*(((CP°°) m x (5 1 ) fc )"/5„) S (H'(CP 00 )® m ®H*(5 1 )® fc )®'V > 5' n = Sym n (C[xi, . . . ,ar m ]®/\[fli, . . . , 0*]). 

□ 

Theorem 1531 together with the quantizations of Sym A (2m) and of Sym™(/\[#i, . . . , 9 m ]) provided in 
Sections 16.21 and 16.41 respectively, give a quantum product on the cohomology of ((CP°°) 2m ) ra / S n and 
((S 1 ) m ) n / S n respectively . Notice that the quantum product on H , (((CP 00 )™ l ) n /S , n ) is non-commutative 
and therefore is different to the quantum cohomology product defined for example in 7 . 
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